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Abstract 

The goal of this article is the study of homogeneous Riemannian struc- 
ture tensors within the framework of reduction under a group H of isome- 
trics. In a first result, H is a. normal subgroup of the group of symmetries 
associated to the reducing tensor S. The situation when H is any group 
acting freely is analyzed in a second result. The invariant classes of ho- 
mogeneous tensors are also investigated when reduction is performed. It 
turns out that the geometry of the fibres is involved in the preservation of 
some of them. Some classical examples illustrate the theory. Finally, the 
reduction procedure is applied to fiberings of almost contact manifolds 
over almost Hermitian manifolds. If the structure is moreover Sasakian, 
the obtained reduced tensor is homogeneous Kahler. 

1 Introduction 

Since their introduction [2], homogeneous structure tensors has proved to be 
a powerful tool in the study of homogeneous Riemannian manifolds. Their 
nature is twofold. On one hand, they belong to the tensor algebra. In particu- 
lar, representation theory techniques classify them into eight different invariant 
classes with respect to a convenient action of the orthogonal group. On the 
other hand, homogeneous tensors satisfy a system of partial differential equa- 
tions (Ambrose-Singer equations). Many works in the literature combine these 
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aspects to provide geometric properties of the underlying Riemannian mani- 
fold. The first characterizations were given to hyperbolic space and naturally 
reductive spaces ([IB])- These techniques were subsequently generalized to Rie- 
mannian manifolds with special holonomy by many authors (for example, [T], 
Ell H: [H])- It is interesting to point out that there is not a bijection be- 
tween tensors and possible groups acting isometrically and transitively. A same 
tensor can be defined by two different groups and a same group can provide 
different tensors. In this context, it is remarkable how little is known about all 
homogeneous structures and tensors for even well-known spaces. There is still 
much work to do. 

Manifolds endowed with symmetries are relevant in many situations. In 
particular, symmetries represent a classical tool in reduction schemes intimately 
related with different topics as systems of differential equations, variational prin- 
ciples, symplectic or other geometric structures, etc. In particular, reduction is 
recurrently applied in homogeneous manifolds. The goal of this article is the 
study of the behaviour of homogeneous tensors by reduction under subgroups 
of the group of isometries. In particular, this gives rise to new homogeneous 
tensors in the orbit space of the action. Additionally, the reduction process re- 
veals and sheds light to some previously known properties of some homogeneous 
structures. Finally, the reduction technique opens a reverse way to get new ho- 
mogeneous tensors in the unreduced space from tensors in the orbit space. 

The outline of the paper is as follows. In section 2 we recall basic definitions 
on homogeneous structure tensors and its classification. Moreover, the model 
for reduction will be a Riemannian principal bundle M — >■ M, endowed with 
the compatible connection defined as the orthogonal complements to the fibres. 
This connection is ubiquitously used for reduction schemes in Mechanics (see 
for example, [13], [TS]) where it is called the mechanical connection. Section 
3 begins with reduction of homogeneous tensors S" in M by the action under 
a normal subgroup H of the group of symmetries G associated to S (Theorem 
13. 4p . The space of all tensors S projecting to a same tensor S in M — M / H 
is also determined. The expression of the reduced tensors leads to a generaliza- 
tion of the reduction result (Theorem I3.7P to the case where S is not explicitly 
associated to a precise group G. For example, this is the case of non-simply con- 
nected or uncomplete manifolds where the existence of homogenous tensors still 
provides interesting geometric properties. Without the presence of the group 
G, the normality of the structure group H of the bundle M ^ M needs to 
be replaced by a suitable differential condition on the mechanical connection. 
Finally, the behaviour of the classification of homogeneous tensors under the 
reduction process is analyzed. It is interesting to point out that the geometry 
of the orbits of the i7-action is involved in some of the classes in this classifi- 
cation. Section 4 provides many examples of the main results of the article. In 
particular, they explore the possible scenarios with respect to the classes when 
reduction is performed. Section 5 applies the reduction Theorem to fiberings 
of almost contact manifolds over almost Hermitian manifolds ([H]). It turns 
out that the differential condition on the mechanical connection is automati- 
cally satisfied for homogeneous almost contact or Sasakian tensors. Hence they 
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project to homogeneous almost Hermitian or Kahler tensors in a natural way. 
This is connected with other constructions found in the literature (see [8]). 



2 Preliminares 

2.1 Homogeneous Riemannian structures 

Let (M, g) be a connected Riemannian manifold of dimension n. Let V be the 
Levi-Civita connection of g and R its curvature tensor with the convention 

RxyZ = Vx^yZ - Vy^xZ - V[x,Y]Z. 

A homogeneous Riemannian structure on {M,g) is a (l,2)-tensor field S satis- 
fying the so called Ambrose-Singer equations 

V5 = 0, Vi? = 0, V5 = 0, (1) 

where V = V — 5' [IB]- We will also denote by S the associated (0,3)-tensor 
field obtained by lowering the contravariant index, Sxyz = g{SxY, Z). 

We now suppose that (M, g) is homogeneous Riemannian. Let G be a con- 
nected Lie group with Lie algebra g acting effectively and transitively on M by 
isometrics. And let K be the isotropy group at a point x & M with Lie algebra 
i. A decomposition g = m 4 is said to be a reductive decomposition of q if 
Ad{K){m) C m. Let /i be the infinitesimal action of g at the point x, that is 

/x: g ^ T^M 

where $a denotes the action of an element a E G. Then for all fc e i^T the 
following diagram is commutative 



(2) 



Ad{k) 



The restriction o£/x to m gives an isomorphism ^, : m ^ T^M , and the canonical 
connection |T2] V with respect to the reductive decomposition g = m © 6 is 
determined by its value at x 

(VxF)^ = M {[li-\X),y.-\Y)U) , e T^M. 

The tensor field S' = V — V is the homogeneous Riemannian structure associated 
to the reductive decomposition g = m ffi f . 

Ambrose-Singer Theorem states that a connected, simply connected and 
complete Riemannian manifold is homogeneous Riemannian if and only if it 
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admits a homogeneous structure tensor. In the case that (M, g) is just a con- 
nected Riemannian manifold, the existence of a homogeneous structure tensor 
imphes that {M,g) is locally homogeneous. Tricerri and Vanhecke [TH] gave a 
classification of the homogeneous Riemannian structure tensors in eight invari- 
ant classes: the class {S" = 0} of symmetric structures, the total space denoted 
by S, three irreducible classes under the action of the group 0{n) 

Si={SeS /SxYZ = g{X, YMZ) - giX, Z)^{Y), ^ g T{T*M) } 
52 = {5 g 5 / 6 SxYz = 0, ci2(5) = 0} 

/ XYZ 

S^ = {S ISxyz + Syxz=()} 
and their direct sums 

Si®S2^{S^S / & SxYz - 0} 

/ XYZ 

5i © 53 = {5 g S/SxYZ + Syxz = 2g{X, Y)^{Z) - g{X, Z)^{Y) 

-g{Y,Z)^{X), ^gr(r*M)} 

52©53 = {5g5/ci2(5) = 0} 
where ci2{S)p{Z) = SeidZ for any orthonormal base {ei}i=i^...^„ of TpM. 

2.2 The reduced metric in a principal bundle 

Let n : M ^ M he an TJ-principal bundle, where M is a Riemannian manifold 
with metric g and H acts on M by isometrics. Although it is not essential, 
the action of isometrics are understood as left and hence tt is a left principal 
bundle. Let x G M and let VxM denote the vertical subspace at x. If we take 
the orthogonal complement H^M = {VxM)-^ of VxM in T^M with respect to 
the metric g we have 

TxM = VxM © HxM. (3) 

Morever, as H acts by isometrics, the horizontal subspaces HxM are preserved 
by the action of H , and the decomposition ^ leads to the so called mechanical 
connection in the principal bundle M — >■ M. In this situation there is a unique 
Riemannian metric g in M such that the restriction tt^, : HxM — >■ T^(^x)M is an 
isometry at every x G M. Obviously, the metric g satisfies 

g{X,Y)o7r = g{X",Y") VX,YeX{M) (4) 

where X^ and Y^ denote the horizontal lift of X and Y with respect to the 
mechanical connection. To complete the notation, in the following, for a vector 
Z g TxM, we will denote by Z'' g HxM the horizontal part of Z with respect 
to the mechanical connection. In particular, 

Z'^ = {n4Z))". (5) 
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Proposition 2.1 In the situation above, if\I is the Levi-Civita connection for 
the metric g, then the Levi-Civita connection V for the reduced metric g is given 
by 

VxY ^TT^Vx^y"), VX,YeXiM). (6) 

Proof. Since the structure group H acts by isometries, it also acts by affine 
transformations of V. Thus the vector field Vx"^^ is projectable and the 
operator DxY = tt* {\/x"Y^) is well defined. It is a direct computation to show 
that D fulfills the properties of a linear connection in M. For X,Y, Z ^ X(M), 
from (g]) and ^ we have 



g{DxY,Z)oTT + g{Y,Dx,Z) on 



- -giiVx'^Y")\Z") + -giY",iVxHZ")'^) 
= g{VxHY",Z")+giY",VxHZ") 
= X"i-g{Y",Z")). 



Hence g{DxY, Z) + g{Y, DxZ) — X{g{Y, Z)) and the connection D is metric. 
Finally, as [X,Y]" = [X^,Y"]'\ the torsion tensor of D is 

T{X, Y) = DxY - DyX - [X, Y] 

= tt,{VxhY" -VyhX" -[X",Y"]) 
= 0, 

and D is the Levi-Civita connection for g. ■ 



3 Main Results 

3.1 Reduction by a normal subgroup of isometries 

Let (M, g) be a homogeneous Riemannian manifold. Let G be a group of isome- 
tries acting transitively on M and H <iG a, normal subgroup acting freely on M. 
The quotient M = M/H_\s thus endowed (cf. [H Th. 9.16]) with a smooth 
structure such that tt : M — >■ M is an i/-principal bundle. By definition, the 
bundle tt : M — M is equipped with the mechanical connection and M is Rie- 
mannian with the reduced metric g as in ([?]). Since H is normal, there is a 
well-defined action of the group G = G/H on M given by 

$ : G X M ^ M , , 

([a],[x]) ^ ci>[,]([x]) = [<i>,(x)] 

where [a] and [x] denotes the classes modulo iJ of a G G and x G M respectively, 
and 4>a denotes the action of G on M. The action of G is obviously transitive 
but needs not be effective. If it is not, we replace G by G/N, where N is the 
kernel of the map G Isom(M), a M- $a, a € G. 

Proposition 3.1 The group G acts on (M,g) by isometries. 
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Proof. The action ([7]) can be written as tt o $g = $0077, for a — [a]. This 
imphes that G preserves vertical subspaces and, acting by isometrics, also their 
horizontal complements. Hence, the horizontal lift of (<i>a)*(X) is {^a)*(X^) 
for all X e X(Af). In addition, for X, F G X(M) 



and then $a is an isometry. ■ 

From this last Proposition, the manifold (M, g) is homogeneous Riemannian. 
We will call it the reduced homogeneous Riemannian manifold. 

Remark 3.2 Note that Proposition 13.11 shows that the horizontal distribution 
is invariant by G. This means that the mechanical connection is G- invariant, 
an important fact that will be used in H3.3I 

Let X £ M and x — ^{x) e M. We denote by K the isotropy group of x 
under the action of G, and by K the corresponding isotropy group of x under 
the action of G. We also denote their Lie algebras by t and t respectively. Then 
we have 

Lemma 3.3 Let t : G G be the quotient homomorphism. Then K — t{K) 
and the restriction : K K is an isomorphism of groups. 

Proof. It is obvious from (O that t{K) C K. Let now k £ K and take a £ G 
such that k — T{a). Then for any x G M, we have x = — 7r(<I>a(2;)), 

and then $a(S) is in the same fibre as x. Hence there exists h £ H such that 
o ^a{x) — X, SO ha £ K. Since riha) — ria) = fc we have k € t{K). For the 
injectivity of rj^j , let fci, k2 & K such that T(fci) — T{k2)- There exists h £ H 
such that hki = k2- Then k^^hki — fcf ^^2, so fcf £ K fi H. But since H 
acts freely, fcf ^^2 = e, and then ki —k2- ■ 

Theorem 3.4 Let [M, g) be a connected homogeneous Riemannian manifold 
and let G be a group of isometries acting transitively and effectively in M. Let 
H <\ G be a normal subgroup acting freely in M. Then every homogeneous 
structure tensor S associated to G induces a homogeneous structure tensor S 
associated to G = G/H in the reduced Riemannian manifold M = M / H . 

Proof. Let x £ M and x = nix) £ M, and let g be the Lie algebra of G. For any 
reductive decomposition g = rii © f associated to S, the restriction isomorphism 
p, : m TxM induces from g a positive definite bilinear form B in ffi. Moreover, 
by the commutativity of ([2]) the bilinear form B is Ad(J^)-invariant, that is. 



g (($,), (X),(<i>a),(y))o^ 



g{{^-aUX"),i<f,)4Y")) 
g{X,Y)oTr 



B{AdCk)^,AdCk)v)=B{^,^) 



Vfc £ K. 
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Then ^ induces an orthogonal and Ad{K) -invariant decomposition 



m = m (13 m 



i.e., Ad{K){m'') C and Ad{K){m'') c m'*. 

Let — g/f) be the he algebra of G and fi : g ^ T^M the corresponding 
infinitesimal action at x. For any ^ £ g, by ([7|) we have 



d_ 

di 
d 
di 
d_ 
dt 



t=o 

o $ 



t=0 



cxp(t4"")(2^) 
cxp(t4) ) {^) 



t=0 



(oxp(tf)) 



t=0 



CXp(tT.(f)) 



(^) 



which means that the following diagram is commutative 



(8) 



Restrictions to m'' and m" give commutative diagrams 



■V-rM 



m 



{0} r*(m")' 



■ TpM 



(9) 



which shows that : m'* — >■ r*(m'') and /i : T*(m'') — )■ ra;M are isomorphisms, 
and r*(m'') C t. In addition, by Lemma [331 the restriction of r* : g — >■ g to 6 is 
an isomorphism of Lie algebras from 5 to {. Therefore, denoting by m the image 
T*(ffi''), we have the decomposition 



g = m ® e. 



(10) 
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Let k € K and ^ G m, and let k G K and G m'' be such that r(fc) = k and 
r* (^) = ^ we have 

Ad{km = Ad{TCk)){MO) 

= A'~'°*r(fc)°/^(^*(C)) 

= A^"^ OTT, 0$^(/2(^)) 
= O TT^ o fl{Ad(k){^)) 

= A^-lo^OT4Ad(fc)(0) 

= T,{AdCkm). 

Since m'' is A(i(-R')-invariant we deduce that Ad{k){m) C r, (m'') = m, which 
proves that (|10p is a reductive decomposition. 

The homogeneous structure tensor associated to (|10l) at x is given by [HI 
p.24] 

{S^)xY = {VyOx X,YeT,M 

where ^* is the vector field given by the infinitesimal action of ^ £ m with 
^* = = X. Let £, G tfi'^be such that n(0 = C then 

= ((w-r)) - ^* ((Vy«(r)'')2) . 

Now let Z G TjM be an horizontal vector, since Q is horizontal 

9 {{VyHiCYh, Z) = Y"-g ((f)", ^) - 9 ani, ^yhZ) = 0. 
Hence by [H p.24] and © 

(5,)x>" = 7r, x,yGr,Af. (ii) 

Finally we extend Sx to the whole M with the action of G to obtain a homoge- 
neous structure tensor S. ■ 

We shall call the tensor field S the reduced homogeneous structure tensor. 

Corollary 3.5 The reduced homogeneous structure can he expressed as 

SxY ^ti^{SxhY") X,YeX{M). (12) 

Proof. Let a G G and a — T{a) G G we proved that the horizontal lift of 
{^a)*{X) is {^a)*{X") for all X G X(A/). This together with the invariance of 
5 by G and the invariance of 5 by G gives (fT^ . ■ 
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3.2 The space of tensors reducing to a given tensor 

Suppose we are now in the situation of Theorem l3.4l and we have a homogeneous 
structure tensor S associated to G in the reduced manifold M. Using diagram 
([HI) we can define the subspaces of g 

m'' ^T~\m)nfl'\H:iM) and = f). 

Then the decomposition 

= m ® 1, with ffi = m" e m'* (13) 

is a reductive decomposition. Indeed, since H is normal in G it is obvious that 
Ad{K)H})_ C f). On the other hand, for fc_e K and ^ £ m'^^as p,{Ad{k){^)) = 
we have fL{Ad{k){£,)) G H^M and {Ad{k){£,)) e m, and then 
Ad{k){^) G m''. The homo geneous structure tensor associated to this decompo- 
sition at X is (see, for example [TD]) 

{S,)xYZ = \ (S(K" - Bi[fj, C]m, + BiK, Clm, fj)) , X,Y,Ze T,M 

(14) 

where ^, ?7, C & iTi are such that their images by fj, are X, Y, Z, and B is the 
bilinear form induced on tn from TxM by p.. Note that we have exactly the 
situation in the proof of Theorem 13. 4[ so the homogeneous structure tensor S 
associated to reduces to S. 

We can construct all other homogeneous structures in M associated to G by 
changing tn in p3)) by the graph 

m'^ ^{X + (p{X)/X G m} 

of an A(i(^)-equivariant map (p : f)®ni'' — >■ I. The condition that the new homo- 
geneous structure tensors reduce to S is equivalent to the condition (p = 0. 
So the family of homogeneous structure tensors that reduce to S is param- 
eterized by the set of Ad(^)-equivariant maps 93 : f) ^ f. For the sake of 
convenience we will denote by the same if both </?:[)—>■ 4 and its extension by 
zero to ffi = f) © m^. The expression of the homogeneous structure tensor S'^ 
associated to this map is the same as in (IT4l) by changing th to m'^, B to the 
induced bihnear form B'^ in m'^ and the ^,f],C to ^' = ^ + ip{^), fj' = fj + (p{fj), 
(' ^( + ^(() em'^. As 

and [iy9('f), (p{fj)]mv = we have that 

{[e,fj%^,c) = {[iff\^.x')+B^ + [¥'(a,^]m.,c') 

= B ([^", C)+B (K, ^{fj)] + MO,rj]X) , 

where one has to take into account that the isomorphism th — m'^, f n> ^+(p{^) 
is an isometry with respect to B and B'^. Hence 

mxYZ = iS,)xYZ + l{B{[^m] + HO,fj]X) 

- B {[fj, pio] + imx],^ + B {K,^m + MO, fj)} .{15) 
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The summands involving B define a tensor field P'^ globally defined in M by 
the left action of G. More precisely, for any y € AI, with y — ^a{x), a € G, this 
tensor is 

iP^)xYZ = I {By (K, ^yiv)] + [^yiO, fj]X) - By {[fj, VyiC)] + [^M^ CI ^ 
+ By{[C,^ym + [<Py{C),^],fl)}, (16) 

for X,Y,Z e TyM, where 

xhy := Ad{a){m), % := Ad(a)(J), 

ipy :— Ad{d) o If o Ad{a~^) : f) — J> ly, 
By is the bilinear form on tfij^ induced from gg by 

fiv ■= (*a), ofio Ad{d-^) : vhy TyM, 
and f , ^, C G rhy are such that their images by fly are X, Y , Z respectively. 
Wc have then proved 

Proposition 3.6 In the situation of Theorem \3.4\ let S be a homogeneous 
structure tensor in M associated to G. Then the space of homogeneous structure 
tensors in M associated to G and reducing to S is a vector space isomorphic to 
the space of Ad{K)-equivariant maps ip -.i) ^i. Moreover, the isomorphism is 
given by 

where S is the homogeneous structure associated to the decomposition I113\) and 
P'^ is given in liWji. 



3.3 Reduction in a principal bundle 

We have noted in Remark 13.21 that the normality of the group H gives the 
invariance of the mechanical connection. This implies that the connection form 
w is ^d(G)-equivariant, i.e., 

<^luj = Ad{d) • w, Va G G, (17) 

where Ad(a) ■ uj denotes the 1-form in M with values in f) given by 

{Ad{a) ■ uj){X) = Ad{a){i^{X)). 

The canonical linear connection V = V — 5 of the reductive decomposition 
g = ffi © f at a; is characterized by the following property: for every ^ e ffi, 
the parallel displacement with respect to V along the curve 7(t) = *i'oxp(tf)(2^)i 
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from X to 7(i), is equal to (^exp(tj))* (see [121 Vol. II, Ch. X, Corollary 2.5 ]). 
Hence, infinitcsimally we have that 

and by the invariance of V by G 

{^x^)^=adifl^\X))-LUy, VyeMyX eTyM, (18) 

that is, the covariant derivative of uj by the connection V is proportional to itself 
by a suitable linear operator. We note that, in particular, if H is contained in 
the center of G, the linear operator is null, hence w is invariant by G. If H is 
just a normal subgroup not contained in the center, condition (IT51) comes from 
the equivariance of w. 

The preceding discussion suggests to study the reduction of homogeneous 
structure tensors 5 in a principal bundle without the use of the group G. More 
precisely, in Theorem 13.41 the group G (and its reductive decomposition) asso- 
ciated to the tensor 5^ was a key ingredient. We now begin with any tensor 
5 in a manifold (M, g) where a group H acts by isometrics (and such that 
M — M/H = M is a principal bundle) satisfying Ambrose-Singer equations 
and an additional algebraic condition for the mechanical connection analogous 
to (fTSl) . Then the tensor S can also be projected without using any reductive 
decomposition as we can see in the following result. 

Theorem 3.7 Let {M,g) he a Riemannian manifold. Let n : AI ^ M be a 
principal bundle with structure group H acting on M by isometrics, and en- 
dowed with the mechanical connection uj. For every H -invariant homogeneous 
Riemannian structure tensor S with canonical linear connection V, if 

\7uj = a-uj (19) 

for certain 1-form a in M taking values in End(f)), then the tensor field S 
defined by 

SxY = TT* {SxhY") X,Y ^ X(M) (20) 

is a homogeneous Riemannian structure tensor in {M,g), where g is the reduced 
Riemannian metric. 

Proof. First note that i?- invariance of S implies that Sx^Y^ is projectable 
and then S is well defined. Since the structure group H acts by isometrics, the 
Levi-Civita connection V of ^ is i?-invariant, which implies that V = V — 5 is 
also iJ-invariant. Now from condition (fT9)) we have that for all X,Y ^ X{M) 

uj{t7xHY") = X" {ujiY")) - (^^x»^) (Y") = -a{X") ■ uj{Y") = 0, 
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so that V x"Y^ is horizontal. If we define V = V — S", V being the Levi-Civita 
connection of 5, then V xhY^ projects to V x"Y^ . Hence by iJ-invariance, 

VxY)" ^^xhY". (21) 



We now prove that S satisfies Ambrose-Singer equations (equivalent to those in 

V5 = 0, Vi? = 0, V5 = 0, (22) 

where R is the curvature tensor of V and R and 5* are seen as (0, 4) and (0, 3) 
tensors respectively by lowering their contravariant index with respect to g. 
For the first equation, taking into account (PT|) . we have for U,X,Y 6 X(M) 

{Vug){X,Y)o^ = U{g(X,Y))on-g{VuX,Y)o^~g(X,VuY)oTT 

= U" {9{X^,Y")) -g ({VuXr^Y") g (x" , [VuYf 

= U" {g{X\Y")) -g [vu^X", Y") - g (x" , ^^.Y« 

= {fvHi){X^,Y^) 

and then since = we have V(7 = 0. 

For the third equation, let [/, X, F, Z e X(M). Then, again by (|2T|) . we have 

(^^^)xyz°'' " V{SxYz)oT^-(s^^^y^o^ 

= (Sxhyhzh) - ^(VuX)"Y"Z" 

~^XH{VuY)HZH ~ ^XHYH{VuZ)" 
= U" {Sx^yhzh) - S^^^^„Y„^^ 

~^XH^^„YHZH ~ S^HYH^ 



XHYHZH 

which vanishes as VS^ = 0. _ 

We now prove the second Ambrose-Singer equation. Let R be the curvature 
tensor of V. From equation 1(2,1} . for X, F, Z e X{M) we first have 

{RxYZf = VxH{VYZf -Vyh{VxZ)" -V^xY]''Z" 

— Vx«" (Vyff .^"^) — ^ yH x^ Z^) — VjjY ff yffjh 2^"^ 



RxHyH Z^ + V[j)fff y 
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We shall also denote by R the (0, 4) tensor field associated to R obtained by 
lowering the contravariant index with respect to g. Then for X, Y, Z,W € X(M) 
one has 

RxYzw°''^ = RxHyHz^w" + 9 {y[xH,YH]'^Z^ ,W^^ (23) 



R 



where n{X^, Y^)* is the fundamental vector field associated to Q{X^ , Y^) € 
[). For any x G M, let I(a;) the bilinear form in f) defined as 

Applying Koszul's formula for V and taking into account that [X^ = for 
any X G X(M), ^ G (), we have 

9{^nix'^,Y-rZ"^^") = 9{Vnix'^^Y-rZ",W") -g{Sn^x-,Y''r^"w") 

= ^l{n{X",Y"),n{Z'',W''))-Snix^^Y^),z«w-, 

where, as usual, V = V — 5. Then applying the previous equation and equation 
a direct computation shows that 



(VuR) ovr = (VuhR) 

\ JXYZW V J X^YHZ^W" 



XYZW \ / X^YH Z^W^ 

- ^u" {i{n{x",Y"), n{z", w"))) 

+ h(n{^u-x",Y")Mz",w") 

+ h(n{x",^u-Y"),n{z",w") 

+ h(n{x^,Y"),ni^uHZ",w")] (24) 



-I [nix" , Y"),n{z" , Vc/« w" ) 

+ U" {Snix^^YHyz'^w") - ^^(^^^^^h ^y")'Zhwh 
n{x" ,v^jhYH)*zhwh n{XH,Y")*{v^HZ")wH 

— ^ 

"^nixH ,Y"yzHiv^HW")- 



On the other hand, by ([T 

0= (Y")- (^yfft^) (X") ^ duj{X" ,Y") ^ uj (fx^Y" 

where T is the torsion tensor field of V. Then, since by definition il{X,Y) 
dujiX^,Y^), we have 



n{X",Y") =u;(TxhY" 
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Using that 

T xhY^ = SyhX^ — SxhY^ , 
and conditions and VS* = 0, one has that 



(yu^^) (X" ,Y") ^ aiU") ■ n{X" ,Y"). (25) 
Now, from uj{[X" ,Y"]'') = -~n{X",Y") and (HH) we get 

oj (^^u» [X", Y^Y'^ = -U" {n{X",Y")) + a{U") ■ n{X" , Y"), (26) 
and hence we have 

{i{nix",Y"),n{z",w"))) ^ 5 [z^, vk^]") 

= i{u"Q{x",Y"),n{z",w")) 

- i{a{u")-nix",Y"),n{z",w")) 
+ i{n{x",Y"),u"niz",w")) 

- i{n{x",Y"),a{u")-n{z",w")). 

In addition, by ^ and ^ 

n{^u-x", Y") + n{x",Vu-y") = (v^H [x",y"y) , 

so _ _ _ 

f}(V[/«x^,y^)* + i7(x^, Vc/ffF^)* = VuHn{x",Y")* (27) 

since V{jh [X^ , y^]"" is vertical. Substituting the preceding formulas and group- 
ing terms, ((M)) becomes 



OTT = [VuhR] 
XYZW V J X"Y" Z^W" 



+ \({yu-mx'',Y")Mz".,w'')) 

- ]^l{a{U")-n{X",Y"),n{Z",W")) 

+ h{^i{x",Y"),{^uHn){z",w")) 

- \{n[x",Y"),a{u")-n{z",w")) 



from where, taking into account ([25|) and ([27|) . we deduce that Vt/i? = 0. This 
finishes the proof of Theorem 13.71 ■ 
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Remark 3.8 In the situation of Theorem 13.71 in the case 5 is a homogeneous 
structure tensor associated to a Lie group G acting by isometrics in M, one could 
ask if H can be seen as a normal subgroup of G and if the projected tensor S 
is associated to the group G — G/H. The answer is not necessarily positive. 
More precisely, for a connected, simply connected and complete manifold M , if 
we construct the group G from S following the proof of Ambrose- Singer Theorem 
(as in [H]), one can see that the normality of H is not guaranteed and the group 
G needs not project to the group G constructed in M from S by the same 
method. An example of this situation will be shown in H4.2.1I (Hopf fibration 
case A = 0). 

Remark 3.9 The algebraic condition (fTO|) for a = is an invariance condition 
and can be implemented in Ambrose-Singer conditions as in Kiricenko's theorem 
(see This situation can be found in the last section of the present paper 

in the framework of almost contact metric homogeneous structures, where this 
condition is automatically satisfied. Note that for non trivial a, the situation 
would require an equivariant version of this theorem. 

3.4 Reduction and homogeneous classes 

In the situation of Theorem 13.71 

Proposition 3.10 The classes {0}, iSi, 1S3, iSi ® ^2 and Si ©iSs are invariant 
under the reduction procedure. 

Proof. By the expression of the reduced structure tensor l|20p it is obvious that 
if 5* = then S — Q. Let S € Si given by the expression 

SxYZ = 9{X, Y)-g{l Z) - .g(y, e).g(X, Z) 

where ^ is a vector field parallel with respect to V. Since S is ff-invariant the 
vector field ^ is also i?-invariant, and then projectable. Let ^ be the projection 
of ^ we have = and then 

SxYZO^ - g{X",Y")g{lz")~g{Y",0~9{X",Z'') 

= g{X", Y")g{S,", Z") - g(y^, e^)g(X«, Z") 
= g{X,Y)g{S,,Z)oTr-g{Y,S,)g{X,Z)o7: 

hence S ^ Si. With a similar argument one proves that the class Si © ^2 is also 
invariant. For the classes 53 and Si ® iSs, they are characterized by algebraic 
conditions clearly preserved by the reduction formula (|20l) . ■ 

The other two classes 52 and 1S2 © ^3 are characterized by the vanishing of 
the trace C12. Let x G M and {ei}i=i_..._„ be an orthonormal base of T^M, then 
for X e T^M 

Ci2iS)iX) - 5]^e.e.X = E^ef efX« = Cl2{S){X") -J^Sv^y^^H, (28) 

i i j 
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where {Vj}j=i r is an orthonormal basis of the vertical subspace VxM , x G 

7r~^(x). From \/ — W — S one has 

where the vectors Vj, j = l,...,r, are extended to unitary and respectively 
orthogonal vertical vector fields. As from (fT9|) we have 

L^i^v.X") = V,{l,{X")) - a{V,) ■ oj{X") = 0, 
the second summand in the formula for Sy.y.xH is zero, and then 

5y,y,x« - ~giVv,X",V,) = g{B{V,,Vj),X"), 

where B denotes the second fundamental form of the fibre Tr^^{x) at x. Inserting 
this in (|28p we obtain that 

cMS){X) ^ cu{S){X") -J2g{B{V„V,),X") = ci2(5)(X^) - g(H, X«) 

j 

where H denotes the mean curvature operator (trace of B) of the fibre at x. We 
have proved the following. 

Proposition 3.11 The classes S2 and S2 © S3 are invariant under reduction 
if and only if the fibres of the principal bundle tt : (M, g) — )> (M, g) are minimal 
Riamannian sub-manifolds of{M,g). 

Remark 3.12 Proposition 13 . 101 and 13 . 1 ll (when the fibres are minimal) do not 
exclude that a homogeneous structure tensor 5 in a class Si © Sj reduces to a 
tensor 5* belonging to classes Si or Sj, or even to the null tensor. We shall show 
some examples of this situations in the next section. 

4 Examples 

4.1 Real hyperbolic space 

The real n-dimensional hyperbolic space {RH{n),g) 

RHin) = {{f, y\..., y^'^) G W/f > 0} 

n— 1 

is a symmetric space, M.H{n) — SO{n — l,l)/0(n — 1). If we consider the 
Iwasawa decomposition of its full Lie group of isometrics 

S0il,n-1) = Oin-l)AN, 
16 



then we can identify M.H{n) ~ AN so that the hyperbohc space has a solvable 
Lie group structure given by 

ix",y\..., • if, y\..., r-') = x'f +x\..., x^y""' + 5""')- 

Hence the real hyperbolic space acts freely, transitively and by isometries on 
itself by left translations. The homogeneous structure tensor S associated to 
this action (see [IH]) is a Si structure given by 



SxYZ = giX, Y) - g{C, Y)g{X, Z), X,Y,Ze X{RH{n)) 

where 

Let Hi ~ R, i = 2, . . . ,n — 1, be the normal subgroups of M.H{n) given by 

i/, = {(l,0,...,A,0,...,0)/AeM} 
where A is in the i-th position. Reduction by the action of Hi gives the fibration 



(n) RH{n - 1) 

with vertical and horizontal subspaces at y e WH{n) 
VyRH{n)= span {^}, 

F,Mi7(n)=span{4^,...,5^,^,...,g^}. 
Hence the induced metric on M.H{n — 1) is 

' j=o 

where (y", . . . , are the natural coordinates of M.H{n — 1). As a straight- 

forward computation shows, the reduced homogeneous structure tensor S is 

SxYZ = 9{X, Y)g{^, Z) - g{£„ Y)g{X, Z), X, F, Z e X{RH{n - 1)) 

where 

We have proved that the reduction M.H{n) RH{n — 1) sends the canoni- 
cal tensor associated to the solvable structure of the n-dimensional hyperbolic 
space to the canonical tensor associated to the solvable structure of the n — 1- 
dimensional hyperbolic space. The reduction procedure has then preserved the 
Si class in this case. 
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We now confine ourselves to the 4-diniensional hyperbolic space. Besides its 
symmetric description, all other groups of isometrics acting transitively are of 
the type (cf. 0) G = FN, where F is a connected closed subgroup of 5*0(3)^ 
with nontrivial projection to A. In particular, we now consider 

G = SO{2)AN. 

Geometrically, if we see 5*0(2) as the isotropy group of the point x — (1, 0, 0, 0), 
its Lie algebra I are infinitesimal rotations generated by 

_2 d -3d 

The subspace tn = © n, which is the lie algebra of the factor AN , gives a 
reductive decomposition 

= m©!. 

Let a e a, ni,n2,n^ S n be the generators of a and n respectively, where rii 
is the infinitesimal translation in Ri7(4) in the direction of d/dy^ . All other 
reductive decompositions g = ffi'^ + t associated to q and I are given by the 
graph of any equivariant map ip : m. ^ As a computation shows, all these 
equivariant maps are 

V(\oM) ■ m ^ t 

a I— > Aqt 
ni > Air 

712,713 h-> 0, 

with Ao,Ai e M. The homogeneous structure tensors associated to this 2- 
parameter family of reductive decompositions are 

^(^"■^i) = iy^df® df A df - Xodf ® df A df - Xidf ® df A df 

and the canonical connection V = V — ^(•^O'^i) (where V is the Levi-Civita 
connection of 5) is then given by 

Vooft = -^^3 - ^8,82 = ^83, Vg^d3 = -^d2, 

where dk stands for Let ~ M be the subgroup of Mi/ (4) given by 

= {(l,A,0,0)/AeR}. 
We take the 7J-principal bundle 

RH{4) RH{3) 
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with mechanical connection form cj = dy^. We have that 

^-=(^#°)-- 

where we have identified f) ~ M and End([}) ~ M. From Theorem l3.71 the family 
of homogeneous structure tensors S'^'^°''^^'' can then be reduced to Mi7(3). If 
{y'^,y^,y'^) are the standard coordinates of RH{3), these reduced homogeneous 
structure tensors form a one-parameter family 

Note that in the expression of both S*'^'^"''*'^-' and 5^° the first summand is the 
standard Si structure of M.H{A) and M.H{3) respectively. The other summands 
are of type ^2 ffi ^3 since they have null trace, which makes 3^'^°''^'-'' and 5'^° of 
type Si (BS2 (B S3 in the generic case. In the especial case Aq = we will have 
a reduction of the generic class 5i © ^2 © S3 to the class Si . This example can 
be generalized to the principal bundle RH(n) — ?■ RH{n — 1). 



4.2 Hopf Fibrations 
4.2.1 The fibration 5^ 5^ 

Let 5*^ C M"* ~ be the 3-sphere with its standard Riemannian metric with 
full isometry group 0(4). The natural action of U{2) in defines a transitive 
and effective action of U{2) on given by 



U{2) 



a b 

c d 



50(4) 

/Re(a) -Im(a) 

Im(a) Re(a) 

Re(c) -Im(c) 

\Im(c) Re(c) 



Re(6) -Im(6)\ 
Im(6) Re(6) 

Re(d) -Im(d) 
lm{d) Re{d) J 



The isotropy group at a; = (1, 0, 0, 0) G is 



K 



G Ui2)/z e C/(l) 



with lie algebra 



J — span 

It is easy to see that the complement 



m 



span 





-1 





i 



i 

1 



makes u(2) = m © { a reductive decomposition. The rest of complements m' 
giving reductive decompositions u(2) = tn' © I are obtained as the graph of 
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)-equivariant maps ip : m ^ i. One can check that these decompositions 
are exhausted by the following one-parameter family of complements 

m. = span|(^_°^ j) ' o) ' (o + ^ (o } ' ^ ^ 

From formula p^ . the expression of the homogeneous structure tensor S'^ as- 
sociated to each reductive decomposition computed at T^S^ is given by 

(S^)^ = (A - l)dx'^ dx^ A dx'^ + dx^ (g) dx'^ A dx'^ ~ dx"^ ® dx'^ A dx^ , (29) 

where {x^ , x'^ , x^ , x'^) is the natural system of coordinates in R''. 
Let H be the subgroup of U{2) isomorphic to U{1) given by 

It is easy to check that 7J is a normal subgroup of U{2) acting freely on 5*^. 
Reduction by the action of H gives the Hopf fibration 5*^ — >■ S"^ with vertical 
and horizontal subspaces at x 

F2 53 = span(-?-l, i/^S-^ = span (-?-, . 

1^ OX2 J L (^^3 OXi J 

Since all the terms of have the vertical factor dx^ , it is obvious that they 
all reduce to the structure tensor 5 = on 5^, describing S"^ as a symmetric 
space. Note that this is what one can expect since only admits the zero 
homogeneous structure tensor [18) . 

For the case A = one can follow the proof of Ambrose-Singer's Theorem to 
construct the Lie algebra of a group acting transitively on . As a computation 
shows the holonomy of the connection V = V — .§0 is trivial, and one obtains 
the reductive decomposition Tf.S^ © {0} ~ su(2) which describes the action of 
SU (2) ~ on itself. We then have an example of a homogeneous Riemannian 
structure satisfying Vw = a • w as in Theorem 13.71 (a; being the mechanical 
connection form of the Hopf fibration — >■ 5^), but for which the structure 
group of the fibration {H = U{1)) can not be seen as a normal subgroup of the 
group (G" — SU{2)) obtained by the proof of Ambrose-Singer's Theorem . 

Remark 4.1 There are not more reducible tensors than those described above 
as the other groups acting transitively on are 50(4), which has no normal 
subgroups, and SU{2) ~ S^. In addition, this procedure can be adapted to 
the Berger 3-spheres, where a family of homogeneous structures is calculated in 
([9]). All reducible structures of this family reduce to S" = on S"^ as expected. 

Remark 4.2 The groups acting isometrically and transitively on S"^ (see [T7]) 
are S0{7), SU{4), Sp{2)Sp{l), f/(4) and Sp{2)U{l). The first two groups do not 
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have normal subgroups and hence do not fit in the reduction scheme. The group 
G = Sp['i)Sp{l) has the normal subgroup H = Sp{l) = SU{2), which gives the 
Hopf fibration S'^ S'^. In this similar computation to the fibration 

— >■ iS*^ shows that the corresponding homogeneous Riemannian structures in 
the 7-sphere reduce to the null tensor on S"* , the only homogeneous structure in 
the four dimensional sphere. The last two groups are analized in the following 
subsection. 



4.2.2 The fibration 5^ CP^ 

Let A* denote the 4x4 complex matrix with 1 in the i-th row and the j-th 
column and the rest zeros. Let S**" be the standard 7-sphere as a Riemannian 
sub-manifold of with the usual Hermitian inner product. The standard action 
of the unitary group U{A) on C'* gives a transitive and effective action on S*^ by 
isometrics. The isotropy group ^ at a; = (1,0,0,0) £ §^ is isomorphic to U{3) 
and we can decompose u(4) = ffi © I where 

and 

m = span{iA}, A] - A{,i{A] + A{),j = 1, 2, 3}. 

One can check that u(4) = ni © 1 is the unique reductive decomposition of 
u(4) with respect to From identifying ~ and taking its natural 
coordinates (a;^, . . . , x*), the expression of the homogeneous structure tensor S 
associated to this decomposition at T^S"^ reads 

= dx^ © dx'^ A dx"^ - dx^ © dx'^ A dx^ + dx^ © dx'^ A dx^ 

-dx^ © dx^ A dx^ + dx'^ © dx'^ A dx^ - dx^ © dx^ A dx'' . (30) 

As a simple computation shows, this tensor belongs to the class S2 (B S3. 
Let H be the subgroup of C/(4) isomorphic to U{1) given by 

H = {z ■ I/z eU{l)} 

where I is the 4x4 identity matrix. It is obvious that H is a normal subgroup 
of U{A) the action of which on 5^ is free. The reduction of S'^ by the action of 
H gives the Hopf fibration S*^ CP^ with which the complex projective space 
inherits the Fubiny-Study metric. The vertical and horizontal subspaces at x 
are 

VsS'^ = span <^ —- \ , HsS'^ = span <^ . . . , —- \ . 

{ 0x2 J L 0x3 OXs J 

As in the Hopf fibration ^ S^, the homogeneous structure tensor S reduces 
to S = 0, describing 

CP-' 



,3 _ Ui4) 



C/(3) X C/(l) 
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as a symmetric space. 

If H denotes the quaternion algebra, we now see the 7-sphere 

as a Riemannian sub-manifold of with the standard quaternion inner prod- 
uct. The group Sp{2)U{l) = Sp{2) Xz^ U{1) acts on by 

where z stands for the complex conjugation. This action restricts to a transitive 
and effective action by isometrics on 5^. The isotropy group at x = (1,0) € S"^ 
is 

which is isomorphic to Sp{l)U {1) . Let i,j, k be the imaginary quaternion units 
and i be the imaginary complex unit. Then, the Lie algebra of Sp{2)U{l) is 
sp(2) e u(l) where 

.p(2) = span{(_0^ 

(k 0\ /O k\ fO 0\ /O 0\ fO 0\\ 
[o o)\k o)\o i)\0 j)\o kjj 

and u(l) = span{i}; and then the isotropy algebra is 

i = span|(^; 2)+*'(o ?)'(!! j)'(o k)]- 

Taking 

m = span|(^_"^ , (^J , (^^ 

fj 0\ /O A /fc 0\ /O 

Vo OyI'Vj o^'Vo Oj'\k Ojj 

we have that sp(2) © u(l) = fii © 6 is a reductive decomposition. All other 

reductive decompositions associated to Sp(2) © u(l) and arc given by a onc- 
paramctcr family of complements m^, A G K, which arc the graph of the Ad{K)- 

equivariant maps Lpx : m ^ t, where ipx maps to ^ (^q o) ~'~ ^^'^ 

the rest of elements of the basis to zero. Identifying = R®, the homogeneous 
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structure tensor associated to each reductive decomposition sp(2) u(l) = 
ffiA ffi i is computed at T^S"^ as 

{S^)j. = ® dx'^ A dx^ + dxf' ® dx^ A dx-^ + dx^ ® dx'^ A dx^ 

-XdxP' ® dx^ A dx^ + (1 + 2X)dx^ (g) dx^ A dx'^ + AdS^ ® dx'^ A dx^ 

+di^ ® dx^ A dx^ + dx'^ ® dx^ A dx* - dx'^ (g) dx^ A di'^ 

+dx^ ® dx^ A dx"* + dx"^ di^ A dx^ 

-dx'^ (g) dx^ A dx^ - dx'^ dx^ A dx^ + dx'^ ® dx"^ A dx^ 

-dx^ (g) dx'^ A dS^ + dx® g) dS^ A dS^ - dx^ ® dx^ A dx^. 

Let H = {{Id, w)/w e [/(I)} C 5p(2)[/(l), where /d is the identity of5p(2), 
it is easy to see that _ff is a normal subgroup of Sp{2)U{l) isomorphic to U{1). 
Reduction by the action of H gives again the Hopf fibration tt : 5*^ — J> CP^ with 
tt{x) — [I : : : 0] E CP^. The vertical and horizontal subspaces of tt at x are 

145*^ = span j-^l , iJsS"^ = span (-^,...,-^1 
I OX2 J [ 0x3 dxs J 

Let {t^,...,t^) : CP^ — {zq — 0} M.^ be the coordinate system around 
X = [1 : : : 0] given by 

N : .1 : .2 : .3] ^ (Rc ( , Im (f^) , Re ) , Inr (fj) , Re (f^) , Im ) ) . 

The reduced homogeneous structure tensor 5 is computed at T^CP^ as 

= dt^ g) d<^ A dt^ + dV" ® di^ A df' 

+ dt"' g) dt^ A di^ - di'^ ® dt^ a di^ 

+ dt" (g) di^ A dt* - dt" g) dt^ A dt^ 

- df IS) df A dt^ - dt^ (g dt^ A dt'^ . 

It is easy to check that 5'^ is a ^2 ® iSa structure for all A G R which is not ^2 nor 
S3 for any A, and S is also a strict 1S2 (BS3 structure. Note that in the latter and 
the previous example the class ^2 ©^3 is preserved by the reduction procedure. 
This fact is expected from Proposition l3 . 1 1 1 since the fibres of the Hopf fibration 
are totally geodesic and in particular minimal Riemannian sub-manifolds of S'^ . 

5 Almost contact metric-almost Hermitian and 
Sasakiann-Kahler reduction 

An almost contact structure on a manifold M is a triple ((/), ^, rj) where <^ is a 
(1, l)-tensor field, ^ is a vector field, and 77 is a 1-form satisfying 

0(0-0, v{cb{X)) = 0, r;(0 = l, 

= -id + ?7 (g) 
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for all X G X(M). The almost contact structure is said to be strictly regular if 
^ is a regular vector field such that all orbits of which are homeomorphic, and 
invariant if (p and rj are invariant by the action of the one parameter group of 
^. In the following all almost contact structures are supposed to be invariant 
and strictly regular. In \l& the following results are proved: 

Theorem 5.1 Let {(f>,^,r]) be an almost contact structure and M the space 
of orbits given by ^. Then M is endowed with a smooth structure such that 
TT : Af —> M is an principal bundle and rj is a connection form. 

Theorem 5.2 In the situation of the previous Theorem, the (1,1) -tensor field 
J defined in M by 

j^x TT^{(j)sX"), X e M,x eX{M), 

where x £ tt^^{x) C M and X^ is the horizontal lift of X with respect to rj, is 
an almost complex structure. 

If M is equipped with a Riemannian metric g, an almost contact structure 
(0, ^, rj) is said to be metric if the following conditions hold 

X) = rj{X), g{cf>X, cf>Y) = g{X, Y) + v{X)v{Y). 

Note that this implies that 77 defines the mechanical connection in {M, g) M 
and induces a Riemannian metric g in M. In this situation it can be proved |16) 
that (J, 5) is almost Hermitian. Let ^{X,Y) — g{4iX,Y) be the fundamental 
2-form of the almost contact metric structure, then ^, 77, g) is called an almost 
Sasakian structure if drj = 2$. If moreover V0 = g'Si^ — id (E)r] where V is the 
Levi-Civita connection of g, then it is called a Sasakian structure. It can be 
proved [T^ that if {(f), ^, rj, g) is (almost) Sasakian then (J, g) is (almost) Kahler. 

An almost contact metric manifold is called homogeneous almost contact 
metric if there is a transitive group of isometrics such that is invariant (and 
then also ^ and rj). If the manifold is (almost) Sasakian then it is called (almost) 
Sasakian homogeneous. A homogeneous structure tensor on M is called a 
homogeneous almost contact metric structure if V0 = (and then = and 
Vt? = 0). Prom the result of Kiricenko [IT] we have that a connected, simply 
connected and complete Riemannian manifold is a homogeneous almost contact 
metric manifold if and only if it admits a homogeneous almost contact metric 
structure. If the manifold is (almost) Sasakian then it is homogeneous (almost) 
Sasakian if and only if it admits a homogeneous (almost) Sasakian structure. 

We now assume that S is an almost contact metric homogeneous structure 

invariant by the one parameter group of ^. Since Vrj = 0, we are in the situation 
of Theorem 13 . 71 and then the tensor SxY — TTt,{SxHY^) defines a homogenous 
structure on M. 

Proposition 5.3 The reduced homogeneous structure S in M is a homogeneous 
almost Hermitian structure on M. Moreover, if S is homogeneous (almost) 
Sasakian structure, then the reduced homogeneous structure S is a homogeneous 
(almost) Kdhler structure on M. 
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Proof. Let V = V — S", where V is the Levi-Civita connection of g. Then 
VxY ~ T^*{'^ x"Y^). Since 'ri{(j){X)) = we have that (piX) is horizontal for 
ah X e X{M). For any X,Y € X(M) we have 

(Vxj)r = Vx{JY)-j(VxY^ 

= n,(yx'^{^Y")-<l>(^^x«Y'')) 

= 7t.[[^x^<P)y") 
= 

and hence V J = 0. ■ 

We now apply Proposition 15.31 to the Hopf fibrations — and 5^ — >■ 
CP'^ and check that the Sasakian-Kahler reduction procedure gives the null 
Kahler structures of the reduced spaces, the only homogeneous Kahler structures 
existing on 5^ and CP^. For the first case, let (x^ , x'^ , , x"^) be the natural 
coordinates of and 

a — —x'^dx^ + x^dx^ — x'^dx'^ + x^dx^ . 

If i : S*^ — J> M'* is the natural immersion of the Euclidean 3-sphere in R"*, the form 
rj = i*a defines an almost contact metric structure on S'^ which is moreover a 
Sasakian structure 3 . One can check (see |^) that the homogeneous Sasakian 
structures on with respect to ry are those given in (|29p after the isometry 

if. ^ 

(rvV 1 ^2 ^3 ^4 \ I V f -T*^ ™3 ™4 ^ 

namely 

= (1 - \)dx^ ® dx^ A dS* - dx^ ® dx"^ A dx'^ + di* ® dx'^ A dx^. (31) 
This homogeneous structures are obtained from the group of isometrics 

{ipo<i>aOip-^/ae U{2)} 
where $a denotes the standard action of U{2) on S^. The subgroup 

H = {ipo<i>,oip-^/z eU{i)} 

is a normal subgroup of G, where z G U{1) is seen in U{2) as the matrix 
Reduction by the action of H gives the fibration 

53 ^ 52 

(Z1,Z2) t-^ (2ziZ2, - |22p) 



25 



which is precisely the fibration given by the Sasakian structure 77 in the sense 
of Theorem 15. II The reduction described in Proposition 15 . 31 by the action of H 
of the family of homogeneous structures (PT|) is (as we had in H4.2.ip the tensor 
S = 0. 

As for the second fibration, we take {x^ , . . . ,x^) the coordinates of and 

a = -x'^dx^ + x^dxp' - x'^dx^ + xT'dx'^ - x^dx^ + x^dx^ - x^dx'^ + x'^dx^. 

The form rj = i*a, where i : 5'^ — is the natural immersion of the Euclidean 
7-sphere, defines an almost contact metric structure on 5^ which is moreover 
Sasakian (cf. [3]). A homogeneous Sasakian structure on S*^ with respect to rj 
is obtained by transforming (j30[) with respect to the isometry 

ix\...,x^) ^ {x\-x^,...,-x^), 

and reads 

Ss = -dx^ (g) dx"^ A dx^ + dx^ (g) dx^ A dx^ - dx^ (g) dx'^ A dx^ 

+dx^ (g) dx'^ A dx^ - dx-^ ® dx"^ A dx^ + dx^ dx'^ A dx'^ . (32) 

This family of homogeneous structure tensors are also obtained from the action 
of the group of isometrics 

G = {^o$,o^-Vae (7(4)} 

where 3>a denotes the standard action of ?7(4) on S*^. The subgroup 

H = {(y3o$^ o^-i/z e U{1)} 

is a normal subgroup of G, and reduction by the action of H provides the 
fibration given by the Sasakian structure 77 in the sense of Theorem l5.ll Again, 
the family (|32p reduces to S' = 0. 

A non trivial projection of homogeneous Sasakian structure tensors can be 
found in the following situation. Let tt : M ^ CH{n) be a principal line 
bundle endowed with the Sasakian structure {(f), ^, 7], g) given by an invariant 
metric g and its corresponding mechanical connection 77 in M (see [8]). Then, 
every homogeneous Kahler structure tensor S in <CH{n) can be obtained as the 
reduction of the Sasakian homogeneous structure tensor 

SxhY" - (SxY)" - 5(X^, cf,Y")t SxH^ - -cfX" - S^X" , S^^ = 0, 

in the sense of Proposition 15.31 The description of all these tensors have been 
previously studied in Nevertheless, it is interesting to point out that the goal 
of that reference was the lift of structures from CH{n) to M. The result given 
in Proposition 15.31 thus gives a reverse procedure of that particular situation. 
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